We derive analytically the asymptotic behavior of the Casimir interaction between a sphere and a plate when the distance between them, d, is much smaller than the radius of the sphere, R. The leading order and next-to-leading order terms are derived from the exact formula for the Casimir interaction energy. They are found to depend nontrivially on the dielectric functions of the objects. As expected, the leading order term coincides with that derived using the proximity force approximation. The result on the next-to-leading order term complements that found by Bimonte, Emig and Kardar [Appl. Phys. Lett. 100, 074110 (2012)] using derivative expansion. Numerical results are presented when the dielectric functions are given by the plasma model or the Drude model, with the plasma frequency (for plasma and Drude models) and relaxation frequency (for Drude model) given respectively by 9eV and 0.035eV, the conventional values used for gold metal. It is found that if plasma model is used instead of Drude model, the error in the sum of the first two leading terms is at most 2%, while the error in θ1, the ratio of the next-to-leading order term divided by d/R to the leading order term, can go up to 4.5%.
I. INTRODUCTION
Casimir effect is a quantum effect that cannot be ignored in the realm of nanotechnology. It can cause malfunctions of nano devices due to stiction [1] [2] [3] . In the last decade, intensive research have been carried out to determine the exact analytic formula for the Casimir effect between two nonplanar objects and its effective numerical computations (see, for example, the references cited in [4] ). Prior to this, one can only rely on the proximity force approximation (PFA) to compute an approximation for the Casimir interaction, and there is no way to determine the magnitude of the error in such an approximation.
In the case of the sphere-plate setup, the most popular configuration used in Casimir experiments, there is only one curvature parameter given by the radius of the sphere, R. Hence it is expected that as d, the distance from the sphere to the plate, is much smaller than R, the Casimir interaction energy has an asymptotic expansion of the form
where E
PFA
Cas is the proximity force approximation to the Casimir interaction energy. It follows that for the Casimir force F Cas and force gradient ∂F Cas /∂d, one also has expansions of the form 
A few years ago, experiments have been set up to measure θ 1 using a micromachined torsional oscillator [5] . This gives a more ernest reason for the theoretical computation of the next-to-leading order terms of the Casimir interaction.
One of the breakthroughs in Casimir research brought by the achievement in explicit functional representation of the Casimir interaction is that it becomes possible to compute analytically the next-to-leading terms, as has been shown in [6] [7] [8] for the cylinder-plate configuration, in [9] [10] [11] for the sphere-plate configuration, in [12] for the cylinder-cylinder configuration, and in [13] for the sphere-sphere configuration. However, except for [7] , all the other works only deal with ideal or non-physical boundary conditions, i.e., Dirichlet, Neumann, perfectly conducting, infinitely permeable or Robin boundary conditions. So far no work has discussed the exact analytical computation of the next-to-leading order term in the Casimir interaction between a sphere and a plate when both of these objects are made of real materials, and this is the goal of the current work to deal with this problem. It should be mentioned that there has been an attempt to compute the material dependent next-to-leading order term in the Casimir interaction between a sphere and a plate carried out by Bimonte, Emig and Kadar [14] , which used the method of derivative expansion postulated in [15] , which in turn is inspired by the work [16] . However, it is still desirable to check the validity of the postulate in [14, 15] by computing the next-to-leading order terms from the exact formula for the Casimir interaction. Therefore, the results of our current work complement those obtained in [14] .
II. THE CASIMIR INTERACTION ENERGY
In this article, we recall the formula for the Casimir interaction between a sphere and a plate. Assume that the sphere has relative permittivity ε r,1 , and the plate has relative permittivity ε r,2 . When the thicknesses of the sphere and the plate are larger than their respective skin-depths, we can model this configuration by a ball and a semi-infinite space. Let d be the distance from the sphere to the plate, and let L = d + R, where R is the radius of the ball.
As shown in [17, 18] , the electromagnetic Casimir interaction energy of this sphere-plate configuration is given by
where the trace Tr is
with tr being the trace over 2 × 2 matrices. The matrix elements of M are given by
where
is a diagonal matrix with elements
Direct numerical computations of the Casimir interaction energy from the formula (3) have been performed in a few works, for example, in [19, 20] . In numerical computations, the infinite matrix M has to be truncated to a matrix of finite size. A drawback of this direct numerical computation is that when d/R gets smaller, one has to use a truncated matrix of larger size for accuracy, and this is subjected to the capacity of the computer. Currently, numerical computations are limited to d/R > 0.05. However, in experiments, we usually have d/R ∼ 0.01. Hence, analytical computation of the Casimir interaction energy becomes desirable.
III. SMALL SEPARATION ASYMPTOTIC EXPANSION
In this section, we want to derive analytically the small separation asymptotic expansion of the Casimir interaction energy, Casimir force and the force gradient up to the next-to-leading order term.
One of the technical issues in the analytical computation of the Casimir interaction energy (3) is the appearance of the associated Legendre functions P m l (x). First notice that because of the relation (5) and
the matrix element M lm,lm (4) is equal to that when m is changed to −m. Hence, it is sufficient to consider nonnegative m. In this case, one can show that
Differentiating with respect to θ gives sinh θP
(ω)
.
Here * = TE or TM, and α In the following, we make a shift of parameters
When e ≪ 1, the main contributions to the Casimir interaction energy come from the terms with
In the small e expansion below, we will count the order of l, l i , m, ω and θ as 1/e, 1/ √ e, 1/ √ e, 1/e and e respectively. Making a change of variables
we have
where l 0 = 0 and l s+1 = 0 by default. The integration over θ is from −θ 0 to ∞ which can be approximated by an integration from −∞ to ∞, since θ is of order e and θ 0 is of order 1. Now we perform the small e expansion of (7). Writing cos ϕ as exp (− ln sec ϕ) and using the fact that
we have the following small e expansion:
In the second line, we have performed a rescaling ϕ → ϕ/ √ l so that the main contribution to the integration over ϕ comes from ϕ that are ∼ 1. Here and in the following, for any X , X i,1 and X i,2 are, respectively, terms of order √ e and e. When these terms do not depend on i, i would be omitted. Changing l i to l i+1 and k to k ′ in (9), we obtain a similar expansion:
Next, we can use Stirling's formula
to obtain an expansion
On the other hand, we have
For the terms involving θ, expanding in small e gives
Here
is of order √ e. We do not need the term that is of order e for the off-diagonal terms of these matrices as they won't contribute to the next-to-leading order term of the Casimir interaction energy. Finally, the small e expansions of T * θ+θ0 is the same as the small θ expansions:
where α
Notice that
Gathering the expansions obtained above, we can write
Performing the summation over k and k ′ using the formulas
we obtain an expansion of the form
The R 2 term comes from L i,2 and N i,2 . The Gaussian integrations over ϕ and ϕ ′ can be performed straightforwardly and give
U 2 comes from R 2 and it is independent of θ. Before performing integration over θ, one is supposed to multiply (1 + Q i,1 + Q i,2 ) into the matrix after it. Up to the terms of order e, we can write
and only multiply (1 + Q i,1 ) into the matrix. On the other hand, up to the terms of order e, we can extract the term U 2 of order e out from the matrix. These give
Performing the Gaussian integration over θ, we have
Next we consider the small e expansions of T * l+li . Debye asymptotic expansions of modified Bessel functions say that:
Then we find that up to terms of order e, we have
In small e expansion,
Therefore, we have an expansion of the form
Substituting (11) into (10), we have an expansion of the form:
Substituting (12) into (8), and extracting terms up to order e, we have
and
We have omitted those terms of order √ e since they are odd in one of the l i and thus would give zero after integration with respect to l i . It follows that
Cas is the leading order term that comes from those terms of order e 0 , and E
1
Cas is the next-to-leading order term that comes from those terms of order e. ε r,1 and ε r,2 are functions of
They are independent of l i and m. Performing the Gaussian integration over l i , 1 ≤ i ≤ s, and m, we find that
The explicit formulas for A , B, C * and D * are given by 
with
Using the fact that
2 are independent of e, it is straightforward to take derivative with respect to d. For the Casimir force
we find that Cas are respectively the leading order and next-to-leading order terms with 
For the force gradient ∂F Cas /∂d, the leading order and next-to-leading order terms are
Let us compare the leading order term to the proximity force approximation. The Casimir energy density between a pair of parallel dielectric plates with relative permittivities ε r,1 and ε r,2 is given by the Lifshitz's formula [21] :
The proximity force approximation to the Casimir interaction energy between a sphere and a plate with relative permittivities ε r,1 and ε r,2 is given by
Expanding the logarithm in (15) and substitute into (16), we find that
s+1 .
Now making a change of variables
we finally obtain
Compare to (13), we find that our result for the leading order term agrees completely with the proximity force approximation.
IV. PLASMA MODEL
In this section, we consider the special case where the dielectric permittivities of the sphere and the plate are described by the plasma model:
where ω p,i is the plasma frequency of the material. Let
In terms of the variables t = el τ and τ , we have
First consider the case
The limit where ω d,i → ∞, i = 1, 2, is the perfect conductor limit. We can compute analytically the asymptotic expansion of the leading and next-to-leading order terms in the small parameters
Specifically, we have where β 0,0 = 1 and
is the leading order approximation to the Casimir interaction energy between a perfectly conducting sphere and a perfectly conducting plate. The exact values of β i,j and λ i,j for i + j ≤ 5 are listed in Table I and Table II . From (13), it is obvious that the leading term is symmetric when we interchange ε r,1 with ε r,2 . It follows that
Hence, we only list the coefficients of β i,j when i ≥ j in Table I . From (18), we have are respectively the leading order approximations to the Casimir force and force gradient between a perfectly conducting sphere and a perfectly conducting plate. Setting a 1 = a 2 = 0 in (18), (19) and (20), we obtain
which are well-known results for the leading and next-to-leading order terms of the perfectly conducting sphere-plate configuration [11, 15] . Next we consider numerical results with ω p,1 = ω p,2 = 9eV, which is the plasma frequency for gold [22] . The radius of the sphere R is taken to be 1mm. Substituting (17) into the formulas obtained in the previous section, we can compute numerically the leading order term (the proximity force approximation) and the next-to-leading order term of the Casimir interaction. In Figs. 1, 2 and 3 , we plot the leading order term, the sum of the leading order and nextto-leading order terms of the Casimir interaction energy, Casimir force and force gradient, normalized respectively by E To have a better picture about the corrections to the proximity force approximations, define θ 1,E , θ 1,F and θ 1 by On the other hand, we also notice that θ 1,F and θ 1 are bounded below. θ 1 is a quantity that can be measured experimentally [5] . From Fig. 4 , we find that it is bounded below by −0.57.
V. DRUDE MODEL
The Drude dielectric function is given by In terms of the variables t and τ , we have
Substituting this into the results obtained in Section III, we can compute numerically the leading order and next-toleading order terms of the Casimir interaction for Drude models. Let us consider the case where ω p,1 = ω p,2 = 9eV and γ 1 = γ 2 = 0.035 eV, which are the conventional values used for gold [22] . . The inset shows the ratio of the latter to the former.
In Figs. 5, 6 and 7, we plot the leading order term, the sum of the leading order and next-to-leading order terms of the Casimir interaction energy, Casimir force and force gradient, normalized respectively by E To get a better picture, we plot the ratio of the plasma model to the Drude model for the sum of the leading order and next-to-leading order terms in Fig. 8 . From the figure, we notice that if the plasma model is used instead of the Drude model, the error is at most 2%.
In Figs. 9, we plot θ 1,E , θ 1,F and θ 1 for Drude model and compare to that for plasma model. As for the plasma model, we notice that for the Drude model, as d increases, θ 1,E , θ 1,F and θ 1 tend respectively to the limiting values 1/3 − 20/π 2 = −1.6931, 1/6 − 10/π 2 = −0.8465 and 1/9 − 20/(3π 2 ) = −0.5644, the corresponding values for perfect conductors. When d is small, the deviations from these limiting values are very significant. On the other hand, θ 1,F and θ 1 are also bounded from below. The ratios of the plasma model to the Drude model for θ 1,E , θ 1,F and θ 1 are plotted in Fig. 10 . From the figure, we find that if the plasma model is used instead of the plasma model, the error is not more than 4.5%.
VI. CONCLUSION
Starting from the functional determinant representation of the Casimir interaction energy, we have used the perturbation method to obtain analytically the leading order and next-to-leading order terms of the Casimir interaction energy, Casimir force and force gradient for the interaction between a sphere and a plate. The results are written as double integrals over functions of the dielectric permittivities of the objects, and are hence general. The leading order terms are shown to equal to that predicted by proximity force approximation. The results on the next-to-leading order terms are new, and they complement those obtained in [14] using derivative expansion.
With given dielectric permittivities of the sphere and the plate, the double integrals representing the leading order and next-to-leading order terms can be computed numerically, and this is demonstrated for a gold sphere in front of a gold plate, where both plasma and Drude models are used for the dielectric functions of gold. It is observed that even at d/R ∼ 0.1, the next-to-leading order term would contribute a correction to the leading order term of about 10%. Of particular interest is the ratio of the next-to-leading order term divided by d/R to the leading order term, denoted by θ 1 . It is found that when ω p d/c is large enough, θ 1 (d) tends to the corresponding limiting value for perfect conductors. However, when ω p d/c is small, the deviation from the limiting perfect conductor value is significant. This signifies that in the nano range, we cannot model real metals by perfect conductors.
A comparison between plasma model and Drude model shows that their difference is below 2% for the sum of the first two leading order terms and below 4.5% for the values of θ 1 (d). In fact, this small difference is expected at zero temperature. In this work, we haven't considered the thermal effect. When d is small enough such that 2πk B T d/ c is ≪ 1, thermal effect can be neglected. For example, when T = 300K, thermal effect can be neglected when d ≪ 1µm. Nevertheless, it would be interesting to examine the behavior of the Casimir interaction at room temperature 
